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Abstract
We discuss the brane world model of Dvali, Gabadadze and Porrati
in which branes evolve in an infinite bulk and the brane curvature term
is added to the action. If Z2 symmetry between the two sides of the
brane is not imposed, we show that the model admits the existence of
“stealth branes” which follow the standard 4D internal evolution and
have no gravitational effect on the bulk space. Stealth branes can nu-
cleate spontaneously in a Minkowski bulk. This process is described by
the standard 4D quantum cosmology formalism with tunneling boundary
conditions for the brane world wave function. The notorious ambiguity in
the choice of boundary conditions is fixed in this case due to the presence
of the embedding spacetime.
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I. INTRODUCTION
The idea that our Universe could be a (3+1)-dimensional surface (brane) floating
in a higher dimensional embedding (bulk) space dates back to Regge and Teiltelboim










where M(4) is the Planck mass and R is the scalar curvature. However, the integration
in (1) is performed over a (3+1)-dimensional surface
yA = yA(x) (2)








Here, yA(A = 0, 1, ..., N−1) are the coordinates in the embedding space and the surface
is parametrized by the coordinates xµ(µ = 0, 1, 2, 3). The independent dynamical
variables of the theory are not the metric components gµν but the embedding functions
yA(x), with the bulk metric GAB(y) being xed. Regge and Teitelboim assumed the
bulk to be Minkowski, but generalizations have later been considered [2] with a curved






In most of the recent work on brane cosmology, the bulk geometry is assumed to
be dynamical, while the curvature term on the brane is omitted. The corresponding















The latter term is usually taken in the form of a bulk cosmological constant, which
may take dierent values on the two sides of the brane. The 4D gravity on the brane
is then recovered either by compactifying the extra dimensions [3] or by introducing a
large negative cosmological constant in the bulk, which causes the bulk space to warp,
conning low-energy gravitons to the brane [4].
Quite recently, Dvali, Gabadadze and Porrati (DGP) [5] have pointed out that 4D
gravity can be recovered even in an asymtotically Minkowski bulk, provided that one










Assuming a 5-dimensional bulk and a Z2 symmetry of reflections with respect to the





and becomes 5D on larger scales. Analysis of cosmological solutions with a Robertson-
Walker metric on the brane [6] indicates the same crossover scale (8) in this class of
models.
A potential problem with these models is that for M(5) > 1 Tev, the scale r0 is
unacceptably small, r0 < 1015 cm. This can be cured by choosing a low value of
M(5) < 100 MeV, in which case r0 exceeds the size of the visible Universe.
The DGP model can be extended in several directions. First, one can consider
N > 5. One nds that the brane gravity is always 4D for zero-thickness branes [7].
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However, the crossover to a higher-dimensional behaviour is recovered when the nite
thickness of the brane is taken into account.
Another possible extension is to lift the requirement of Z2 symmetry. This sym-
metry is certainly not mandated by the action (7) and actually cannot be enforced in
5D models where the brane is coupled to a 5-form eld, so that the 5D cosmological
constant is dierent on the two sides of the brane. Brane world cosmology without Z2
symmetry has been discussed by a number of authors [8{16], but in all this work the
brane curvature term (1) has not been included in the action. Somewhat surprisingly,
eective 4D gravity on the brane could still be obtained for weak sources [15,16], but
this behaviour does not extend to strong gravitational elds or to the early Universe
cosmology.
In this paper we are going to discuss brane world cosmology in an innite bulk with
the brane curvature included in the action and without the assumption of Z2 symmetry.
We will show that inclusion of the curvature term results in some qualitatively new,
interesting, but potentially problematic features of the model. In particular, we show
that the brane produces no gravitational eect in the bulk, provided that 4D Einstein’s
equations are satised on the brane. The brane can then float without disturbing the
embedding Minskowski space, and its internal evolution will be identical to that in the
genuine 4D case.
Closed branes in this model can be spontaneously created in the Minkowski bulk
(We shall argue that a more realistic cosmology is obtained with branes nucleating in
a bulk with a small positive cosmological constant). The corresponding instanton is a
trivial embedding of the usual S4 instanton of 4D quantum cosmology. An important
dierence, however, is that nucleation of brane worlds occurs in an embedding space-
time. As a result, the brane world wave function has a clear interpretation, and the
issue of boundary conditions in quantum brane cosmology can be denitively addressed.
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The paper is organized as follows. In the next Section we demonstrate the existence
of branes that satisfy 4D Einstein’s equations and do not disturb the bulk (we refered
to them as \stealth" branes). Quantum nucleations of spherical branes is discussed
in Section 3. In Section 4 we consider the dynamics of more general (not necessary
stealth) spherical branes in a 5-dimensional embedding space. Here we also allow for
a nonzero bulk cosmological constant wich can dier on the two sides of the brane.
Finally, in Section 5 we summarize our conclusions and discuss the potential problems
of the model.
II. STEALTH BRANES






















where k = M2−N(N) , k
0 = M−2(4) , M(N) and M(4) being the bulk and the brane Planck
masses, respectively. The 4D integration is over the brane yA = yA(x), and the induced






B(x)δN (yA − yA(x)) . (10)
Variation of the action (9) with respect to GAB gives




































are the bulk and the brane energy-momentum tensors, respectively, and the variation






















B(x)δN(Y A − Y A(x)) .
(14)
From equations (13), (14) we see immediately that if 4D Einstein’s equations are
satised on the brane,







= 0 , (15)
then the brane has no gravitational eect on the N-dimensional bulk. The brane can
then be treated as evolving in a xed backgroud geometry. We shall refer to such
branes as \stealth" branes.
The equations of motion for a stealth brane can be obtained by varying the action
with respect to the embedding funcions yA(x). These equations can be expressed as
[17]
~T µνKiµν = 0 (16)
where ~T µν is from equation (15),
Kiµν = −niADµeAν (17)
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is the extrinsic curvature, ni are the (N-4) unit normal vectors to the worldsheet with
tangent vectors eAµ = y
A
,µ, and Dµ = e
A
µrA, with rA the covariant derivative in the
metric GAB.
Suppose now that we have a solution of 4D Einstein’s equations (15) wich can be
embedded into a N-dimensional Minkowski space with some functions yA(x). It is then
clear that such an embedding gives a solution both of the N-dimensional Einstein’s
equations (13) (N-dimensional Minkowski space with T AB = 0) and of the brane equa-
tions of motions (16). Thus any 4D Universe which is embeddable into Minkowski bulk
represents a possible internal evolution of a brane world.
For N  10, any 4D Universe can be embedded at least locally [18], and for N  91.
a global embedding is also possible [19]. Any solution of 4D Einstein’s equations can
then be realized as a brane world evolution.
In most of the recent work on brane worlds it is assumed that the bulk is 5-
dimensional, in which case there are signicant restrictions on the possible embeddings.
For example, the Schwarzschild solution can only be embedded for N  6 [20]. How-
ever, closed and flat Friedman-Robertson-Walker cosmologies are all embeddable in 5D
Minkowski space. In this case, the early evolution of a brane Universe could mimic the
4D behaviour, but the brane nature of the Universe would be betrayed by the evolution
of density fluctuations.
We assumed so far that stealth branes evolve in a Minkowski bulk. However, it is
clear from equations (13)-(16) that one can use practically any xed background. In
particular, we shall later consider stealth branes in de Sitter space (see Section 4).
In addition to stealth-brane solutions, equations (13)-(16) have an innite number
of other solutions, in which 4D Einstein’s equations are not satised and the brane has
a gravitational eect on the bulk. If indeed we live on a brane, we should ask ourselves
why, out all the possibilities we happen to live on a stealth brane? Or, if our brane is
6
not precisely a stealth brane, then why the deviations from Eisntein’s equations are so
small? The answer to this question may lie in the initial conditions at brane nucleation.
III. NUCLEATION OF STEALTH BRANES
From the point of view of the bulk, stealth branes have vanishing energy and mo-
mentum, and their nucleation is not forbidden by any conservation laws. One can
imagine small, nearly spherical branes lled with a high-energy false vacuum nucleat-
ing in Minkowski space. The branes then go through a period of inflation, thermalize,
and evolve (locally) along the lines of the standard hot cosmological model. This pic-
ture is identical to that usually adopted in quantum cosmology [21{25], except for the
presence of the embedding spacey. One can expect that the nucleation rate is described
by the same 4-sphere instanton, wich is now embedded in a Minkowski bulk. The bulk








= −24pi2M4(4)/ρV , (18)
where ρV is the 4D false vacuum energy density.
The role of the vacuum energy in inflationary models is usually played by a scalar
eld potential V (ϕ). This potential is assumed to be very flat, at least in some range
of ϕ, so that ϕ evolves very slowly and V (ϕ) acts as a vacuum energy. Then, the
instanton action
S(E)(ϕ) = −24pi2M4(4)/V (ϕ) (19)
yNote that our discussion here differs from [27] who considered nucleation of 5D Universes
consisting of AdS regions joined along a brane.
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should determine the relative probability of nucleation for branes with dierent values
of ϕ.
The situation is complicated, however, by the ongoing debate [26] about how the
instanton action (19) appears in the nucleation rate P. Dierent results are obtained
depending on one’s choice of the boundary conditions for the wave function of the
Universe. The Hartle-Hawking [22] wave function gives
PHH / exp(−S(E)) , (20)
while the tunneling [24,25] and Linde [23] wave functions give
PT / exp(−jS(E)j) . (21)
Since the instanton action (19) is negative, the diference between (20) and (21) is
quite dramatic. This issue has not found a clear resolution in 4D quantum cosmology,
mainly due to the conceptual problems with the interpretation of the wave function
of the Universe. We believe the brane world picture can shed some new light on this
problem, since the wave function of a brane nucleating in a Minkowski bulk has a clear
physical interpretation.
Quantum cosmology of spherical branes in a 5D Minkowski space has been studied
by Davidson et. al. [28,29] in the framework of Regge-Teitelboim theory. For stealth
branes in our model, the bulk gravitational eld is absent and the model of [28,29] is
an appropriate minisuperspace approximation. The 5D metric can be written as
ds25 = σ
2(−dτ 2 + da2 + a2dΩ23) , (22)
where dΩ23 is the metric on a unit 3-sphere and σ
2 is a normalization factor. The
evolution of the brane is described by specifying the functions a(t) and τ(t), where
t is a time parameter on the brane. We shall choose t to be the proper time, which
introduces the gauge condition
8
_τ 2 − _a2 = 1, (23)
where dots stand for derivatives with respect to t.
With a suitable choice of the normalization, σ2 = (12pi2M2(4))
−1, the conserved
energy of the brane is given by
E = 1
2
( _a2 + 1−H2a2)a
p
1 + _a2, (24)
where




In the case of a stealth brane E = 0,
_a2 + 1−H2a2 = 0, (26)
and one recovers the usual 4D Wheeler-DeWitt equation
[p2a + a
2(1−H2a2)]ψ = 0 (27)
where
pa = −a _a (28)
is the momentum conjugate to a. (We disregard the factor ordering ambiguites in this
discussion). In the \coordinate" representation, the wave function is ψ = ψ(a) and
pa = −i ∂∂a .
Davidson et. al. were not specically concerned with the problem of brane nu-
cleation, so they considered branes of arbitrary energy E and a variety of possible
boundary conditions at a ! 1. They also required that the wave function should
vanish at a = 0, wihch in our view is not justied.
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Let us now address the problem of boundary conditions for the nucleation of stealth
branes (E = 0). The Wheeler-DeWitt equation has the form of a one-dimensional
Schroedinger equation for a \particle" described by a coordinate a(t), having zero
energy, and moving in a potential
U(a) = a2(1−H2a2) (29)
The classically allowed region is a  H−1, and the WKB solutions of equation (27) in
this region are






where p(a) = [−U(a)]1/2. The three widely discussed choices of boundary conditions
correspond to
ψT (a > H
−1) = ψ−(a) (31)
for the tunneling wave function,
ψHH(a > H
−1) = ψ+(a)− ψ−(a) (32)
for the Hartle-Hawking wave function, and
ψL(a > H
−1) = ψ+(a) + ψ−(a) (33)
for the Linde wave function.
For the two semiclassical wave functions (30) we have
p^aψ(a)  p(a)ψ(a) . (34)
Combined with equation (28), this indicates that ψ−(a) and ψ+(a) describe an ex-
panding and a contracting Universe, respectively. Hence, the tunneling wave function
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includes only the expanding component, while the Hartle-Hawking and Linde wave
functions include both components with equal weight and appear to describe contract-
ing and re-expanding Universes.
This interpretation has been questioned by Rubakov [30] who notes that the time
coordinate t is just an arbitrary label, so changing expansion to contraction does not do
anything, as long as the directions of all other physical processes are also reversed. In
our simple minisuperspace model a(t) is the only variable, and thus ψ+(a) and ψ−(a)
may both correspond to an expanding Universe.
Rubakov’s objection does not, however, apply to the case of nucleating branes. In





1 + _a2, (35)
and thus the brane expanding in terms of its proper time t is also expanding in terms
of the Minkowski time τ . We could of course reverse the internal time coordinate,
which would introduce a minus sign on the right-hand side of equation (35). But still,
one of the wave functions (30) would correspond to an expanding and the other to a
contracting brane, in terms of the Minkowski time τ . In the brane nucleation process,
the newly created branes expand and no contracting branes are present. Thus the
tunneling wave function (31) (or its complex conjugate) is the only correct choice in
this case.
Let us now return to the question that we raised at the end of Section 2. The brane
world model has a great variety of solutions in which the 4D Einstein’s equations on
the brane are not satised. Then, how can we explain that we observe a rather special
evolution corresponding to a (nearly) stealth brane? A possible answer is that the
stealth nature of the evolution is determined by the initial conditions at nucleation.
From bulk energy conservation, the total energy of the brane should vanish, and in
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the case of a spherical brane this means that the brane should evolve according to
4D Einstein’s equations, at least initially. In inflationary cosmology, later evolution is
strongly influenced by quantum fluctuations, and some of these fluctuations may cause
deviations from the stealth behaviour. The analysis needed to estimate the extent of
this deviation is beyond the scope of this paper.
We nally have to face the obvious problem with the picture of branes nucleat-
ing and expanding in Minkowski space. The space simply lls up with branes and
they start running into one another. A possible solution is to replace the Minkowski
space with a de Sitter space, by adding a small positive cosmological constant in the
bulk. The branes will be driven apart by the exponential expansion of the bulk, and
brane collisions will be rare, provided that the brane nucleation rate is suciently low.
The bulk cosmological constant should be suciently small, in order to allow for the
standard FRW post-inflationary evolution (see Section 4).
The instanton describing stealth brane nucleation in de Sitter space is the same
4-sphere instanton as in Minkowski space, except now it is embedded into an N -sphere
(Euclideanized N -dimensional de Sitter space). The dierence between the instanton
action and the N -sphere action without the brane is still given by Eq. (18), so the rate
of brane nucleation is also unchanged.
IV. SPHERICAL BRANES IN 5D
We now turn to a more general situation, when 4D Einstein’s equations on the
brane are not necessarily satised. Here, we shall specialize to the case of spherical
branes and of a 5D bulk. We shall also assume a non-zero bulk cosmological constant
and allow for the possibility that it can take dierent values on the two sides of the
brane. Our analysis here is very similar to that in [11], the only dierence being that
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we include the brane curvature contribution and do not require Z2 symmetry. (Some
of the papers in [9{16] contain one but not both of these features).
Following the same steps as in [9], the equations of motion of the brane can be
expressed as
[K]gµν − [Kµν ] = kTµν , (36)
~T µν < Kµν > = [Tnn], (37)
rν(T νµ ) = −[Tµn] (38)
Here, Kµν is the extrinsic curvature of the brane, Tµν = (Tbulk)ABeAµ eBν , Tnn =
(Tbulk)ABnAnB, T µn = (Tbulk)ABeAµnB, the square and angular brackets stand, respec-
tively, for the dierence and the average of the corresponding quatity on the two sides
of the brane, e.g., [Kµν ] = K
+
µν −K−µν , < Kµν >= 12(K+µν +K−µν), where \+" and \−"
correspond, respectively, to the brane exterior and interior. z
We shall assume that the bulk energy-momentum tensor has the vacuum form,
T AB = −k−1gAB . (39)
Then, using the generalized Birkho theorem [11], the 5D metric can be expressed as
dS25 = −Adτ 2 + A−1 da2 + a2dΩ23 (40)
with








zThe exterior and interior are identical for Z2 symmetric branes, in which case we either
have two spherical 4D regions joined at the brane, or two possibly infinite regions connected
by a wormhole. Here we are interested in the case of trivial topology, with spherical interior
region and an infinite region outside.
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In the proper time gauge, the metric on the brane is
ds24 = −dt2 + a2(t)dΩ23 . (42)
The brane embedding is described by specifying the functions a(t), τ(t).



















Substituting this in the junction condition equations (36) and assuming that the brane
energy-momentum tensor is of the form
















(ρ+ P ) = 0 (47)
while equation (37) gives a relation which is obtainable from (46) and (47). In the
absence of the brane curvature term (k0 !1), Eq. (46) reduces to the brane equation
of motion derived in [10].
A stealth brane corresponds to M = 0 and + = −  . As expected, in this
case Eqs. (46), (47) reduce to the standard FRW evolution equations. Even if the bulk
cosmological constant is non-zero, it has no eect on the evolution of the brane.
It should be noted that, in the case of a positive , the static coordinates (40) and
(41) cannot be used beyond the de Sitter horizon, a < H−1, where H = (/6)1/2.
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However, since no singularities are developed at a = H−1, one can expect that the
solution for a(t) will be analytically continued, so that the standard evolution will con-
tinue at a > H−1. This, however, is not always possible, since not all FRW evolutions
can be embedded in de Sitter space. For example, the brane cannot expand to a radius
a > H−1 and then recontract to a < H−1. Using the coordinate system
dS25 = −dτ 2 + exp (2Hτ)(dr2 + r2dΩ23) , (48)
which is suitable for all a, it is easily veried that in order to have a timelike brane
evolution, the expansion factor a = exp (Hτ)r should satisfy
_a > Ha− 1. (49)
This unexpected obstruction suggests that there should be some constraints on the
parameters of the model. If branes arise as defects in a eld theory model, or as D-
branes in a superstring model, and the brane curvature term is induced by radiative
corrections, as suggested in reference [5], then there can be no inconsistency between
the brane and bulk evolution, as long as the underlying theory is consistent. A possible
constraint that avoids the above obstruction is to require that the cosmological constant
on the brane should be suently large, so that the corresponding expansion rate is
H > H.
We now briefly consider some examples of deviations from stealth brane evolution.
Suppose rst that the bulk cosmological constant vanishes,  = 0, but the brane
has a nonzero mass, M+ 6= 0, with M− = 0. For suciently large brane radii,













The second term in the brackets represents a correction to the stealth evolution due to
a non-zero brane mass. (Note that the mass M can be both positive or negative.)
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The same equation (50) is obtained in the Regge-Teitelboim limit of vanishing bulk
gravity, M(5) ! 1. The brane dynamics in this regime has been investigated by
Davidson [2].
Suppose now thatM = 0, while + and − are both non-zero, and that the brane
has a vacuum equation of state, ρ = const. Then it is easily understood that Eq. (46)
has a de Sitter solution,
a(t) = H−1 cosh(Ht), (51)





















The instanton describing nucleation of such branes consists of de Sitter 5-spheres of
radii H−1+ = (6/
+)1/2 and H−1− = (6/
−)1/2 joint at a 4-sphere of radius H−1 with H
from Eq. (52).








































with H2  ρ/3M2(4).
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V. CONCLUSIONS AND DISCUSSION
We discussed the classical and quantum cosmology of 3-branes with an Einstein
curvature term added to the brane action. If Z2 symmetry between the two sides of
the brane is not imposed, the model admits the existence of stealth branes which follow
the standard 4D internal evolution and have no gravitational eect on the bulk space.
Stealth branes have vanishing energy in the bulk space, E = 0, and can therefore nu-
cleate spontaneosly. This process is described by the standard 4D quantum cosmology
formalism with tunneling boundary condition for the brane world wave function. The
notorious ambiguity in the choice of the boundary conditions is xed in this case due
to the presence of the embedding spacetime.
Apart from stealth branes, the model also allows the existence of branes with neg-
ative bulk energy. So one could have spontaneous creation of brane pairs, one with
energy E1 > 0 and the other with E2 = −E1. Alternatively, a positive energy brane can
increase its energy by chopping o a negative energy brane.
The existence of stealth and negative energy branes indicates that the bulk space
is unstable. If the bulk is flat, as it is assumed in the model of Dvali, Gabadadze and
Porrati [5], then it would ll up with nucleated branes, and the brane inhabitants would
be constantly bombarded by other branes hitting them from extra dimensions. One
way around this problem is to enforce the Z2 symmetry, thus disallowing stealth branes,
and impose additional requirements to forbid negative energy branes. Alternatively,
instead of a flat space one can consider an expanding de Sitter bulk. If the brane
nucleation rate is low, compared to the expansion rate of the bulk, then the brane
collisions would be rare.
We nally point to some troubling aspects of stealth brane solutions. As we have
shown, any solution of 4D Einstein’s equations represents a possible stealth evolution
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of a brane world, as long as its metric is embeddable in the bulk space. There is a
problem, however, if the solution is only locally embeddable but cannot be embedded
globally. Suppose for example that the brane is described by a closed FRW universe
which expands to a maximum radius Rmax and then recontracts, while the bulk is a
5D de Sitter space. It is clear that the brane spacetime cannot be globally embedded if
Rmax is greater than the de Sitter horizon H−1. At the same time, the initial stage of
the brane evolution, when its radius is smaller than H−1, is embeddable, so one is left
wondering what happens to the brane once its evolution can no longer be embedded.
Obstructions of this sort should not arise in a consistent theory. One way to avoid
them is to impose the Z2 symmetry, thus disallowing stealth brane solutions. It is
possible, however, that a weaker restriction on the parameters of the model could be
sucient. For example, the obstruction with embedding a closed FRW brane in a
de Sitter bulk is removed if one requires that the cosmological constant on the brane
should be greater than that in the bulk.
Another disturbing property of stealth brane solutions is manifested in cases when
the brane spacetime allows a continuum of embeddings. Consider for example a flat
brane
ds24 = −dt2 + dx2 + dy2 + dz2 (55)
embedded into a flat 5D Minkowski space
ds25 = −dτ 2 + dx2 + dy2 + dz2 + dw2. (56)
A possible embedding is given by any functions τ(t) and w(t) satisfying
_τ 2 − _w2 = 1. (57)
In particular, we could have τ = t, w = 0 at t < 0 and an arbitrary function w(t) at
t > 0, with τ(t) determined from (57). For example, the brane could suddenly start
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moving with an acceleration, w(t) = at2/2. This shows that the evolution of the brane
is degenerate, in the sense that it is not uniquely predicted by the initial data.x
One could try to resolve both the embeddability and degeneracy problems by con-
sidering small perturbations about stealth brane solutions. The degeneracy of brane
evolution may be removed if only perturbatively stable stealth solutions are allowed
(that is, solutions which admit a full spectrum of innitesimal perturbations). Con-
sider, for example, a brane which suddenly starts to accelerate in a flat 5D embedding
space. For perturbations violating Einstein’s equations on the brane, the 5D energy
of the brane is generally non-zero, and its accelerated motion in flat space is incon-
sistent with energy and momentum conservation. An accelerating brane solution can
be obtained by introducing an appropriate gravitational eld in the bulk. However,
an innitesimal perturbation of the bulk Minkowski geometry can result only in an
innitesimal acceleration of the brane. Thus, a brane which suddenly starts moving
with a nite acceleration is not perturbatively stable.
In the case of solutions with an embeddability obstruction, one can expect that
perturbations will grow as the obstruction is approached, causing a transition to a
non-stealth evolution. The analysis of these issues is beyond the scope of the present
paper.
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